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D . Abstract 



The Standard Model group and matter spectrum is obtained in vacua of F- 

theory, without resorting to an intermediate unification group. The group SU{2>) x 

SU{2) X U{1)y is the commutant to SU{5)± x U{1)y structure group of a Higgs 

Tij- , bundle in Eg and is geometrically realized as a deformation of I5 singularity. Lying 

00 

m 



along the unification groups of En, our vacua naturally inherit their unification 

structure. By modding SU{5)± out by Z4 monodromy group, we can distinguish 
f^ ■ Higgses from lepton doublets by matter parity. Turning on universal G-flux on 

^^ . this part, the spectrum contains three generations of quarks and leptons, as well as 

vector like pairs of electroweak and colored Higgses. Minimal Yukawa couplings is 

obtained at the renormalizable level. 
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1 Introduction 

A good deal of interest has been attracted by model building from F-theory [1-3] . It pro- 
vides a geometric description of gauge theories of all the possible Lie groups, automatically 
incorporating nonperturbative effects [4-12]. 

Most studies are devoted to constructions of Grand Unified Theories (GUTs) based on 
a simple group, because, by relatively simple setup, they allow us to access intermediate 
routes to the Standard Model (SM) [5,7,13-20]. As a merit, we have more degrees of 
freedom that are absent in the conventional field theoretic GUTs. For example, we have 
nontrivial source of four-form fiux which breaks gauge symmetry and/or supersymmetry. 
In practice, we can obtain the SM from the SU{5) GUT by turning on the fiux along 
the hypercharge U{1)y direction without breaking the f/(l)y itself if some topological 
conditions are satisfied [7,21]. But for this we should take good care of supersymmetry 
breaking, anomaly cancellation and decoupling of the chiral X-boson. Also because of 
the unification relation, some unobserved interactions are hard to control. 



In this work, we directly build the Standard Model group and matter contents, without 
resorting to an intermediate unification [22]. One of the obstacle in this approach has 
been limited understanding on the geometric realization of the SM group, being not a 
simple group [23]. Nevertheless the physical structure of unification shall hint us, since 
the geometric structure reflects that of algebra [24] . 

Studies of GUT have revealed that, although the SM group is a combination of some 
small groups, it is far from arbitrary; The structure of the matter contents such as charge 
assignment, quantization and anomaly freedom, indicates that the unification structure 
is quite compelling. The series of exceptional Lie groups of En-type serves as a promising 
route to GUT, harboring the Standard Model with the gauge group [25] 

SU{3) X SU{2) X f/(l)y = ^3 X f/(l)y. (1) 

Well-known GUT completions include E4 = SU{5), E^ = 50(10) and Eq. In addition, we 
learned that a gauge or Higgs bundle background in the internal space (roughly a gauge 
field or an adjoint scalar, developing 'non- const ant' vacuum expectation values (VEVs)) 
breaks a unification group as well as makes four dimensional spectrum chiral, enabling 
gauge-matter unification. In this sense, E7 or Eg, may have a more perfect structure to 
harbor all the observed fields including gauge bosons, matters and Higgses into a single 
adjoint [26]. Besides, it is also interesting observation that the structure of neutrino fiavor 
in F-theoretic SU{5) GUT context, we meet Es as a final group [27]. 

F-theory provides natural description of the exceptional groups of En series. Under a 
mild assumption below. Eg x Es can be a good starting gauge group. We shall obtain a 
low-energy spectrum by breaking it using a background bundle in the internal space. In 
F-theory such background bundle is described by spectral cover [31]. With the structure 
groups SU{9 — n)±, we obtain En group as commutant in Es [29]. On top of this, we 
can also turn on an addition U{1) bundle which makes the U{1) itself unbroken because 
an Abelian group commutes to itself [24,30]. Therefore, the background gauge bundle of 
SU{5) X f/(l)y yields the unbroken SM group (1) [22]. In Figure 1, this is depicted in 
Es Dynkin diagram, by deleting the nodes of structure group. The GUT relation implies. 
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Figure 1: The Standard Model group (1) is the unbroken part of Es, by gauge bundle 
background of the structure group SU{5) x f/(l)y. 

then, we shall be able to obtain the desired matter fields by the branching of the Es 
gaugino. Since the information on the symmetry breaking is contained in the spectral 
cover, we can find the desired matter contents as well. 



Organization: First we briefly discuss how F-theory describes gauge theory with a toy 
example of SU{5) GUT model. We can qualitatively understand the gauge group and 
matter contents purely in terms of algebra, so Section 2 contains such identification. A 
certain property of background Higgs or gauge field is caught by the monodromy group, 
which enables realistic matter contents distinguishing Higgs from lepton doublets. Also 
we can survey Yukawa couplings by gauge invariance. The model is concretely realized 
in F-theory in Section 3. First we construct the spectral cover describing the background 
bundle. This contains all the information, including the parameters used for constructing 
the SM gauge group, described in terms of singularity of elliptic fiber. Also we identify 
and calculate homology cycles for the matter curve for the quantitative description. In 
Section 4, we turn on G-fiux to make the theory chiral and calculate the number of 
generations for the obtained matter fields. We also briefly comment on the requirements 
on the internal manifold and consequent phenomenologies. We conclude with an outlook 
about low-energy phenomenology. 

1.1 Compactification 

Type IIB string theory can be viewed as F-theory compactified on torus, whose complex 
structure is identifled by axion-dilaton fleld t = Co + ie~'^, where Co is Ramond-Ramond 
scalar and is dilaton [1]. The torus is described by the ellptic equation 

y'^ + aixy + a^y = x^ + ^2^^ + ^^x + as (2) 

in space spanned by a;, y G P^. Perfecting the square and the cube, it becomes Weierstrass 
form 

y'' = x'' + fx + g. (3) 

It has one complex parameter, related to r through Klein's j-invariant [32] 

To have M = 1 supersymmety in four dimensions, we compactify F-theory on Calabi- 
Yau fourfold X [2,35]. Because of the above requirement, X is elliptic flbered over a 
three-base B. The condition of vanishing first Chern class Ci(X) = requires each a^ 
is a holomorphic section of K^"^, where Kb is the canonical bundle of B. Along the 
discriminant locus of (2) 

5:{Aoc4/=' + 27/ = 0}, (5) 

the torus becomes singular. Using an appropriate coordinates of the normal bundle to S 
in B, we can regard a^'s and /, g as polynomials in that coordinate. We fix the convenient 
normalization of A later, in (8). 

The singularities are classified by degrees of /, (7, A by Kodaira [2]. Using intersection 
theory, the connectedness of a smoothened (blown-up) singularities is the same as that of 



root system in an A-D-E algebra, thus they share the same names. However, in general, 
when we transport around some base point, the singularity is effectively reduced to a 
smaller one, modded out by a monodromy group [36]. To retain the original A-D-E 
symmetry, we need trivial monodromy, which is implemented as so-called the splitness 
condition that the equation (2) has some factorization structure. Tate's algorithm includes 
the check on the splitness condition just by counting degrees of a^ [34,35]. For SO{4k + 4) 
singularity we need a further information of 'complete square' structure. Moreover, this 
information is crucial in dealing with SU{n) type groups, of which degrees of / and g are 
zero. We have displayed the results in Table 1. 

F-theory is a remarkable realization in physics that the singularity determines the 
gauge group of the same name in the low energy limit [1]. We can regard S* as a four- 
cycle where sevenbranes wraps, supporting the Yang-Mills theory of this gauge group 
on eight dimensional worldvolume [2,35]. In the perturbative limit, the degree of A is 
directly translated in the number of coincident D-branes on S. The gauge fields in Cartan 
subalgebra come from Kaluza-Klein reduction of three-form field C3 in F-theory 

C3 = J2A'Au„ (6) 

where Ui are harmonic two-forms corresponding to the positions of sevenbranes. The 
ones for non-Abelian directions come from M2 brane wrapping on blown-up cycles of the 
singularities, whose zero size limit make them massless [6]. 

In this paper, we additionally require an elliptic K3 fibration structure on X [24]. 
Since elliptic K3 is an elliptic fibration over P^, the elliptic base B is again P^ fibration 
over S, and the normal space P^ has a faithful afiine coordinate z of the stereographic 
projection. With Calabi-Yau condition, the form of equation (2) is highly restricted, and 
the maximal group is Eg x Es localized on the opposite poles of the sphere [2]. Since 
they are separated a la heterotic-M picture and there is no field charged under the both 
-Es's, we focus only on one of them. We may make use of the other Eg as the origin 
of supersymmetry breaking. In fact this description is related to heterotic string on the 
dual Calabi-Yau threefold, with fiberwise duality between F-theory on K3 and heterotic 
string on torus [28] . Using the same kinds of background bundles for the gauge fields in 
the internal space, we could obtain similar models^. In F-theory side, however we can 
concretely obtain the singularity describing the SM group and matter curves localizing 
the matter fields. 

1.2 Review on SU{5) 

First, we briefly review an SU{5) model. By itself it serves as a baby version of GUT 
model, but later also we will understand the SM singularity as a deformation of SU{5) 
singularity. 



^See also Refs. [29] 
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Table 1: Singularities identified by the degrees of coefficients of elliptic equation (2) and 
(3) [35]. Here k > 2, and the starred ones have a further condition. 

The SU{5) group is described by A4 singularity or the singular fiber I5. From Table 
1, the most dominant coefficients of (2) give 

ai = -b5 + 0{z), 

a2 = hz + 0{z^), 

a, = -b,z' + Oiz'), (7) 

a, = b2z' + 0{z^), 

a6 = 6o^' + 0(/). 

From the condition on a^, each coefficient bk on S belongs to a section {6—k)ci—t = rj—kci, 
where ci = 01(5*) is the first Chern classes of the tangent bundle of S, and — t = ci{Ns/b) 
is of the normal bundle to S in B.^ There we took 2; as a coordinate of the normal space, 



^We will not distinguish the line bundle, its first Chern class and Poincare dual divisors, if unnecessary. 



that is, a section of —t, and the surface S is located aX z = 0, exhibited by the discriminant 

A = btR^z' + 0{z'), i?5 = bobl - h^hh + h%. (8) 

Equation (7) is a deformation of -Eg singularity y"^ = x^ + boz^ [2,10,24], thus our SU{5) 
gauge group is the unbroken part under Es — )■ SU{5) x SU{5)±. The matter contents are 
obtained by the branching of gaugino 

248 ^ (24, 1) + (1, 24) + (5, 10) + (10, 5) + (5, 10) + (10, 5). 

Group theory guides us to identify the matter curves and Yukawa couplings. Since 
there is correspondence between the group and the geometry, we can relate geometric 
parameters tj, ? = 1, . . . , 5 with the weights of 5 of the holonomy group SU{5)± [10]. The 
actual parameters governing the blowing-up are bk in (7). If the holonomy group is SU 
or A-tjpe, we can relate as elementary symmetric polynomials of degree k, of tj [10]. The 
meaning of this is further studied in terms of monodromy in Section 2.2. For example, 
the unimodular condition for SU{5) is 

bi/bor^ti + t2 + t3 + U + h = 0. (9) 

The sum over cycles is understood as the formal sum of divisors. Shrinking one of the 
cycle tj — )■ is not possible, but the combination 

5 

Y[U^b,/bo^O (10) 

is possible. Under this the discriminant (8) becomes 0{z^) implying the gauge symmetry 
enhancement. Since ti corresponds to 5 of SU{5)±, from the correlation of (10,5), the 
matter 10 of SU{5) GUT becomes light. It was the off-diagonal components of the adjoint 
of locally enhanced group 5*0(10), under the branching. Likewise, the matter 5 emerges 
along ti + tj —> 0, implying 

5 

l[{U + t,)^R,/bl. (11) 

i<j 

This is also understood as local gauge symmetry enhancement to SU{6). 

Each of conditions (10) and (11) specifies a codimension one subspace, curve, on S. 
We identify the matter spectrum localized on the curves [10,16,35] 

Sio = {&5 = 0} n 5, S5 = {i?5 = o}n5. (12) 

From the homology of 6j, they transform as 

[T.io] = 1] - 5ci, [S5] = 3?7 - lOci. 



There is further local gauge symmetry enhancement at an intersection of matter curves. 
As we shall see shortly, this implies the existence of the Yukawa coupling. For the moment, 
assume that the Higgses have the same quantum number as the matter fields. The relation 
(9) indicates that there are couplings 

10- 5-5: 64 = 65 = {U) + {t,+tk) + {ti + tJ = 0, 
10- 10- 5: 63 = 65 = (t,) + (t,) + (-t, - t,) = 0, 

where all the indices are different. These are respectively 5*0(12) and Eq symmetry 
enhancement directions. Since we have repeated indices, the matter curve for 10 should 
overlap with that for 5. In Section 3.3 we will see how they are related. The matter curve 
is on the six dimensional worldvolume, and its chiral structure does not distinguish 5 and 
5 yet. This is reflected in the fact that the curve tj = is identical to — tj = 0. 

The parameters defining matter curves in (12) are precisely the coefficients of the 
discriminant (8), since vanishing the coefficients implies gauge symmetry enhancement. 
Thus they provide two independent ways of checking matter curves. 

2 The Standard Model from Eg 

The Standard Model matter contents are obtained, relying only on group theoretic analy- 
sis, with a caveat of monodromy condition related to a background bundle. It can provide 
a picture on model building in effective field theory. The realization in F-theory is done 
in the next section. 

2.1 Matter contents 

In the perturbative description, branes intersecting at angle localize the matter spectrum 
at the intersection. It is understood as deformation of a larger stack of branes [39]; 
the localized bi-fundamental matter originates from the branching of the adjoint of that 
larger gauge group. Similarly, if we break a gauge group by deforming the singularity 
supported on a surface S, it gives rise to branching of the gaugino on S and its off-diagonal 
components become matter fields [33]. That is, the decomposition under G -^ H x B 

adJG ^ (adjj^, 1) + (1, adjs) + 0(R/f , Rs) + h.c. (14) 

gives rises to matter field Rh, which can be chiral, by the property of Dirac operator 
under the deforming background. Here, for G being exceptional group, we can have more 
than off-diagonal components charged under H x B. Oppositely, the deformed geometry 
has local symmetry enhancement direction along which such matter fields are localized. 

In the previous section, we have seen the gauge group always comes from a deformation 
of Eg. For the Standard Model, the gauge symmetry is from 

Es -^ SU{3) X SU{2) X U{1)y x SU{5)^ 
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Table 2: Matter contents and the corresponding curves on S. All the indices run from 1 
to 5 and are different. 



so we obtain the matter from the decomposition of its adjoint 

248 ^ (8, 1, 1) + (1, 3, 1) + (1, 1, 1) + (1, 1, 24) 

+ [X(3, 2, l)_5/e + go(3, 2, 5),^, + dl(3, 1, 10)^/3 

+ <(3, 1, 5)_2/3 + ^o(l, 2, 10)_i/2 + eo(l, 1, 5)_i + c.c.]. 

The subscripts are put because this is not fully realistic spectrum until the next subsection. 
As in the previous section, we relate five weights of 5 of SU{5)± with the parameters 
^1,^2,^3,^4,^5- Also we denote the weight for f/(l)y as te- The hypercharge U{1)y is 
generated by 

ty = diag(|,|,|,|,|,-|) (15) 

in the {ti, t2, ts, t4, ts, te} direction. Antisymmetric tensor structure is inherited as sum 
of the parameters. For example, 10 of SU{5)± are further distinguished by dl{-, 10)i/3 ~ 
tj + tj and /o(-, 10)_i/2 ~ ^i + tj + tg- Accordingly, we can identify the matter fields and 
the corresponding localization, as displayed in Table 2. 

For the moment we do not distinguish the Higgses hdo, h^o from the lepton doublets /o, 
since there is only one kind of field for this quantum number. Then the following relations 
gives nonvanishing Yukawa couplings 

lohdoel = lohel : {U + tj + tg) + (4 + ti + tg) + (^m - U) = 0, (16) 

qoKoK = (loloK ■■ (ti) + {-U - tj - te) + {tj + te) = 0, (17) 

Qohdod", = qokdl : (t„) + (4 + ti+ tg) + {U + tj) = 0, (18) 

where all the indices are different and run from 1 to 5. 

A natural observation along i^g embedding is that the SM has another kind of uni- 
fication. The form of the generator (15) suggests that the structure group is unified 
to S'f/(5)_L X U(\)y C SU{Q)^. So it is convenient to think of an intermediate step^ 



^This is one of well-known breaking direction that Dynkin diagram cannot describe the subalgebra 
with correct weight vectors [44]. 
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(19) 



Es -^ SU{3) X SU{2) X SU{6)i_ 

248 ^ (8, 1, 1) + (1, 3, 1) + (1, 1, 35) 

+ (3, 2, 6) + (3, 2, 6) + (3, 1,15) + (3, 1,15) + (1,2, 20), 

consequently 

(1, 1, 35) ^ z/„^(l, 1, 24) + (1, 1, 1) + 6^(1, 1, 5)i + eo(l, 1, 5),, 

(3, 2, 6) ^ go(3, 2, 5\/, + Xo(3, 2, 1)_,/, 
(3, 1, 15) ^ dliS, 1, 10)i/3 + <(3, 1, 5)_2/3 
(1, 2, 20) ^ /o(l, 2, 10)„,/2 + ^o(l, 2, T0)i/2- 

In the last line, the counting of 10 and 10 agrees thanks to the tracelessness of SU{6)± 

ti + tj + te = —tk —ti — tm- (20) 

For example 15 is expressed as tj + tj + tj with all the indices different. 

The remaining combinations are moduli from the SU{5)± gaugino. Although this 
gauge symmetry is broken, in four dimensions hypermultiplet part can survive. Because 
they are SM singlet, all candidates of right-handed neutrinos u^ : 24o : ti —tj — )> 0. 

2.2 Modding out by monodromy 

In (14), the subgroup B is broken by the background bundle , so the visible quantum 
numbers are those of H. The problem is how to count the quantum number for H. Recall 
that we could easily understand the property of the parameters b^ in SU{5) singularity 
(7), by relating with elementary symmetric polynomials of order k, made of tj [10] 

5 5 

h/bo ~ Sk, Ylix + tj) = ^ SfcX^"^ (21) 

i=l fc=0 

We related ti, . . . t^ with weights of 5 of the structure group SU{5)± and tg with generator 
of f/(l)y 

oi/ao ~ tg. (22) 

This identification implicitly involves the notion of the monodromy of the structure 
group. Since the 'physical parameters' are bk (and ao,ai), we do not distinguish different 
ti- In effect, for every combinations of bk, we mod out by S^ permutating all the elements 
ti, . . . , ts. The connected ones by S5 form an orbit and are treated as the identical curve [9]. 
As an example, consider /o(l, 2, 10)_j^,2 transforming as 10 of SU{5)±. After modding 
out, these ten elements form the closed orbit 



"^ 



{ti + tj + tg I i,j run over 1,2,3,4,5 and different} (23) 

10 



and are counted as just one field. 

If we liave Z5 monodromy, we liave two kinds of such doublet, 

[123] = {ii + t2 + h, t2 + h + U, t3 + U+ t5, ti+U + t5, ti + t2 + ts}, 
[134] = {ti + tg + U, t2 + U + tg, ti + ts + h, ti+t2+ U, t2 + U + h] . 

Here we use the notation including only one element in the orbit. It follows, for instance, 
[123] = [125] and [134] = [124]. For the negative sign in front of t, we put bar on the 
index. For example by Eq. (20), [126] = [345]. All of these are insufficient to distinguish 
three kinds of fields with the same quantum number, namely /, hd and the conjugate of 
hui then forming yU-term or Yukawa coupling mediating lepton number violating process. 
This leads us to consider a smaller group. 

The next candidates are of degree four, that is, transitive subgroups of ^4. First, con- 
sider Z4, which is generated by the cyclic permutation of the four elements, say ti, t2, ts, t4, 
singling out tg, without loss of generality. We obtain the candidates for matter curves 



X 

d 



e" 



[1],[5] 

[6] 

[12], [13], [15] 

[16], [56] 

[123], [125], [135] 

[16], [56]. 

To have lepton Yukawa coupling (16), hd and / must not share tg. In this paper, we 
choose 

hu-. [125], hd-. [135], /:[123], (25) 

resulting in 

e'=:[16], u':[16], q : [1], d' : [15]. (26) 

We can see that, although not so trivial, two sets under the exchange [12] ^ [13] and 
[125] ^ [135] also, are equivalent. However for the remaining color triplets, we still have 
two choices for [12] or [13]. We proceed with the choice 

q':[5], u':[56], e' : [56], D^ : [13], D2 : [12]. (27) 

They are unobserved charged exotic particles, thus should be decoupled. We summarized 
these in Table 3. In the context of SU{5) unification, we will call Di and D2 colored 
Higgses. 

The other choice is 

hd-. [123], I: [125], /i„:[135] (28) 

and the /x-term is forbidden. Following (16)-(18) we can determine all the rest as 

e'=:[16], u':[16], q : [1], d' : [12]. 

11 
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Table 3: Matter contents, modded out by Z4 monodromy. All the indices take different 
value in Z4 = {1,2,3,4}. The primed ones are charged exotics, to be decoupled. Note 
that they have always odd M + 2s charges. 



The monodromy group should be smaller than S4 to distinguish lepton doublet and 
Higgs doublets, for which at least we need three distinct orbits. One can check that 
modding out by D4 monodromy has the same effect as Z4 [16]. The only other proper 
subgroup of 5*4 is V^ = {1, (12)(34), (13)(24), (14)(23)} group, where the parenthesis denote 
the permutations of tj's with the indicated indices. The only difference is that each lepton 
doublet and down type quarks has one more kind of representation 

d : [12], [13], [14], [15], / : [123], [125], [135], [145]. (29) 

However, we also see that the extra fields, say [14] and [145], having homology — 2ci on S, 
will be projected out for the same reason for X, q', u', e'. Then, as the notation suggests, 
one can check that the nonvanishing Yukawa couplings are identical to previous cases 
of Z4 and D4. Thus any degree-four transitive discrete group except 6*4 gives the same 
model. 

We should account for the observed number of three generations of fermions. The 
multiplicity of fermions is accounted by the number of zero modes of Dirac operator 
in the internal dimension. We expect that each of observed fermions shall have three 
zero modes, which is the approach we take in what follows. Alternatively we can seek 
a matter assignment distinguishing different generations [40]. For example, instead of 
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coupling 


condition 


note 


Ihdc^ 
qhuU" 
qhdd'^ 


[156] [246] [36] 
[1] [126] [26] 
[1] [246] [35] 

[126] [136] [32] 


MSSM 
superpotential 


1^21^2 


[12] [12] 
[12] [12] 


[12] ^ [12] 
[13] ^ [13] 


Xhud' 
q'huD2 


[6] [126] [12] 
[5] [135] [13] 
[5] [125] [12] 


nonvanishing 

but X and q' 

are absent 



Table 4: Nonvanishing Yukawa couplings, using representative notation. 

naming /, /i^, hd we may say they are three different generations of /, giving rise to flavor 
dependent quantum numbers. This is not possible for the quark sector in this simplest 
setup. Modding out by smaller group may realize this but at the price of opening up 
extra f/(l) gauge symmetries. 

2.3 Yukawa coupling 

The low-energy effective worldvolume theory can be obtained as in conventional dimen- 
sional reduction of super Yang-Mills theory. Effects from the elliptic fiber are amended by 
topological twist, redefining the holomomies of the elliptic fiber and f/(l) part of Kahler 
manifold S [4,37]. Since the matter fields are obtained by branching of gaugino A, its 
twisted action, corresponding to the covariant derivative \[A, A] in supergravity, gives rise 
to Yukawa coupling [4]. Its existence is guided by gauge invariance, whose condition is 
vanishing the sum of weight vectors. Since the matter identity is specified by the matter 
curve, we check it by the condition on structure group. 

The nonvanishing Yukawa couplings are displayed in Table 4. Here we also use the 
representative notation. For example, [1] [246] [35] for qhdd^ in (18) means the triple inter- 
section 



L'fi 



th+tj+tf.— ti + t." 



0, 



with the redundant condition 

(tm) + (tk + ti+ te) + (ti + tj) = 0. 

In each line, we have more than one of writting the same coupling due to the relation 
(20). For example we can rewrite the same relation as [1] [135] [35] 



[i^m) T (^ t-m f-i T^j ) T \Ci i T'j) 



U, eijfYi ^ U. 



(30) 
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These will be related to distinct GUT extension. 

The monodromy choice distinguishes the SM singlets 

z/^[15], z/i:[12], z/2:[13]. (31) 

We see v'^ becomes right-handed Dirac neutrino forming mass terms IhuV^-, as in Table 
4. On the other hand, since ti — tj is distinguished from tj — ti, um, M = 1,2 can have 
self-coupling vm^m-, thus a heavy Majorana mass can generate see-saw mechanism. 

Depending on choice of monodromy and particle identity there can be the couplings 
in the last row in Table 4. There are couplings involving X or g', but obviously there is 
no problem if they do not exist, or both be superheavy. It turns out that, in the later 
configuration, we can have none of them in four dimensional effective theory. 

It follows that there is no lepton or baryon number violating terms 

huhd-, Ihu, lie", Iqd", u^d^d", (32) 

and so on, at the renormalizable coupling. In the first choice (28), the lepton doublet has 
odd U{1)m charge whereas in the second case (25), only Higges has even U{1)m charge. 
There can be baryon and/or lepton number violating operators in higher order cou- 
plings. The configuration allows dimension five operator, for instance, 

-qqql (33) 



M, 



present in supersymmetric standard model. If we take F-theory scale Mp around the 
Planck scale, the parameter c should be smaller than the unobserved bound 10^^. At 
present we have no way of calculating tree-level non-renormalizable couplings, since we 
derive the Yukawa couplings from the dimensional reduction of the effective theory. Usu- 
ally it is known that higher order couplings are sufficiently suppressed by instanton-like 
corrections as a form of area-law in stringy worldsheet [41], Euclidian brane [42], and 
effective field theory [43] calculations exhibit similar behavior. We do not have other 
dimension-five lepton number violating operators llhh or u'^u'^u'^e'^. 

2.4 Matter parity and unification relations 

The fact that many couplings are forbidden can be tracked to U{1)m charge generated by 

tM = diag(l, 1,1, 1,-4,0) (34) 

in the basis {ti,t2, ^3,^4, ^5,^6}- This is a continuous version of matter parity, to be 
combined with /^-symmetry. This is nothing but the commutant to S'f/(5) in 5*0(10), 
with which we have the standard relation with the baryon minus the lepton number 
{B-L) 

M = 4tsR + 3{B-L), (35) 
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where we assign tsR eigenvalues {|, — |} respectively for the up and down type counter- 
parts of right-handed fermions 

t3R = diag(0,0,0,0,-|,|). (36) 

The matter curves show this symmetry is manifest under the exchange of ts and t^. 
For example, the exchange symmetry for hu and h^ is the exchange symmetry between 
[346] = [125] and [136]. We can check similarly for the Di and D2 exchange. The famous 
left-right relation follows 

r = i(M - 10t3i?) = 1{B -L)- hR. (37) 

If a combination of U{1)m and U{1)r is diagonally broken to Z2 symmetry, for example 
by vacuum expectation value of even-charged scalar, this becomes nothing but R-parity. 

We had singlets naturally recognized as right-handed neutrinos. Being charged under 
U{1)m, ^^ should be Dirac neutrino. It is the SU{^) singlet inside 16 of 50(10) GUT. On 
the other hand, vi and V2 are neutral under all the symmetries, so it can have self-coupling 
to have Majorana mass. They are singlets outside 16 but later to be interpreted inside 
27 of Eg. 

We can easily see the gauge symmetry enhancement direction means the unification. 
For example S'f/(5) GUT relation in (13) is restored in the limit t^ — )■ 0. As in Table 2, 
the distinct curves for (g, u'^, e^) reduce to the same one ]^ tj — )■ 0, implying that they are 
unified to a single multiplet 10. The ones for (/, df^) reduces to n(^«+^i) ~^ 0- Accordingly, 
(16), (18) is unified to 10 ■ 5 ■ 5 in (13) and (17) goes to 10 ■ 10 ■ 5. Right-handed neutrino 
is neutral under this S'f/(5). 

The famous unification limits are shown in Table 2.4. Later we shall see that realization 

unification group limit unhinggsing 

Georgi-Glashow SU{h) te ^ X 

flipped SUib) SU{b) X f/(l) ts ^ q' 

50(10) 50(10) t5^0,t6^0 X,g',M',e' 

left-right 5[/(3) x SU{2)l x SU{2)r ts - tg ^ e' 

Table 5: Various enhanced GUTs (not local enhancement). 



of these as local unification group will hint to decouple exotic matters. The Pati-Salam 
enhancement to 5f/(4) x SU{2)l x SU{2)r is not possible. The hmit ts + t6 — ^ unifies q 
and / into (4, 2, 1), but there is no (4, 1, 2) unification. This is because Pati-Salam model 
cannot be obtained by a (5)f/(n) background bundle. 
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3 Realization in F-theory 

In the preceding sections, we identified the matter contents purely in terms of quantum 
numbers of the structure group, modded out by monodromies. In the following we will see 
how they are realized in F-theory. Expressing them in terms of group theoretical weights 
reveals certain relations among matter curves [10, 16]. In case of SU, SO or Sp structure 
group, it is most extensively described by spectral covers [29,31,38]. So we first construct 
the spectral cover, from which we also learn all the information on the parameters used 
in the singularity describing the SM group. 

3.1 The spectral cover for SU{5)± x U{1)y 

The commutant to the SM group in Eg is SU{5)_i x f/(l). In the heterotic dual language, 
it is the structure group of the background gauge bundle thus broken. Coming back to 
the effective field theory limit on the eight dimensional worldvolume, this is translated 
to a background Higgs bundle. It is roughly non-constant VEVs of the adjoint Higgs ip, 
with the eigenvalues as sections of the canonical bundle Ks [4,10]. It is a scalar part 
of vector multiplet with topological twist. In the perturbative case, taking T-duality in 
the normal direction to S, its eigenvalues become the positions of D-branes relative to 
S. In our theory, we neither have perturbative D-branes nor the spacetime is flat, there 
is no such duality. However it is convenient to imagine a dual of ip in the sense that 
eigenvalues in the group space becomes the positions of some seven-branes in a certain 
space. Such generalization is described as follows by spectral covers [31]. We can think of 
a polynomial whose roots are the eigenvalues tj. For SU{5)± x f/(l) we have respectively 
5 and 1 eigenvalues, so we consider an equation having them as the roots 

= (aos + ai)(6oS^ + 6is^ + &2S^ + hs^ + hs + 65) = Fx ■ F5. (38) 

Our surface S is defined to be located at {s = 0}. Once we identified the SM group along 
the £^-series, the parameters in second factor, the SU{b)^ part in Eq. (38), should be 
that of SU{b) GUT. Then, still hi are sections of 77 — kci on S, and consequently, the 
coordinate s should be a section of — ci = Ks- It intersects the first factor at the matter 
curve fli = 0, and the second factor at 65 = 0. For this reason the spectral surface is 
sometimes called the flavor brane. 

To recycle the parameters hk in equations (7), we make the ambient space Z as some 
fibration over S. Later we need an information at the infinity s — > 00, we make Z compact 
by projectivization 

Z = P(C © Kg) -^ S, (39) 

where (9 is a trivial bundle on S. It is generated by two divisors cr (zero section) and 
(Too = cr + ci, which are disjoint 

o-n 0-00 = <^^ aDa = -aDci. (40) 
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The intersection fl is done between divisors in Z . We introduce global coordinates U and 

V in the project space, as section of a and a^. They respectively correspond to above s 
and 1/s. Now S = {U = 0} is the vanishing locus of the section a, and o"oo has coordinate 

V such that V = corresponds to s — ?■ oo. Using the splitting principle, the first Chern 
class is 

Ci{Z) = ci + a + a^ = 2a + 2ci, (41) 

which does not always vanish. Now the spectral cover is a variety in Z 

CxUC^: {aoU + aiV){boU' + 6if/V + ■ ■ ■ + hV'') = 0, (42) 

which is a virtual sixfold covering of S [10]. 

We might have a freedom to choose Cq ~ y for a certain y G H2{S,1j), but it will turn 
out to be trivial. Here we defined an auxiliary coefficient 

h = --bo (43) 

which is a section of r^ — Ci. It makes sense since the structure group can be embedded 
into SU{6)±, whose traceless condition is nothing but (43). For this reason such group 
is sometimes called S[U{6)± x U{1)y]- We obtain SU{5) GUT by local gauge symmetry 
enhancement tg ~ ai/ao — )> on the matter curve of Z, which should reduce to the 
tracelessness of SU{5)±, hi — )■ 0. 

Letting the projection tt : Z — )■ 5, the homology classes of the spectral surfaces in (42) 
are 

[Cx]=a + T,*y, [C,] = ba + Ti*'n. (44) 

On S, their intersections give the matter curves for X and g, respectively 

Px] = [Cx n a]s = -ci + y, [S,J = [Cs na]s = r,- 5ci, (45) 

using the relation (40). 

3.2 The SU{?>) x SU{2) x U{1)y singularity 

The Standard Model group SU(?>) x SU{2) x f/(l)y is not a simple group, so not the entire 
group appears in Table 1. To find it, an important clue is the unification structure: the 
group and the matter contents are not arbitrary but embeddable to a larger group with 
simpler structure. Since the Lie algebra has the same connectedness with the singularity 
sharing the same name, so we obtain a singularity for a semisimple group by deforming 
that of unifying simple group [22,24]. The minimal choice leads us the S'f/(5) curve 
discussed in Section 1.2. 
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Hint from the local spectral cover 

First, we ask what parameters are needed. We see that its commutant group SU{5)± x 
f/(l)y is described by spectral cover (42), 

(46) 
where we set oq = 1, to be justified later by six dimensional anomaly consideration. Then 
we can reuse the parameters bk for the SU{5) in (7). As a result, we introduce one 
new parameter ai, a section of — ci. Unlike SU{6)± spectral cover, we do not have any 
'elementary' parameter as a section of —t like z, but only the combination aib^, which 
does not harm ampleness of the base space S [10]. 

We expect the SM group is the deformation of SU{5) GUT group to which the sym- 
metry is restored in the ai — )■ limit. Since SU{5)± is the special case of SU{6)±, we 
want to preserve the combination in the coefficients in (46). Now, if only one simple group 
is describable at once at one supporting surface, we require that the singularity should 
locally look like either SU{3) or SU{2). Either choice should be physically equivalent, so 
we take the former. Also we assume, there can be a back-reaction of the SU{3) brane 
against the SU{2) brane, while the deformation maintaining the center-of-mass at S*, so 
we choose a different coordinate z' than z. Requiring the degrees of (ai, 32, as, 84, ae, A) to 
be respectively (0, 1, 1, 2, 3, 3), from Table 1, we need deformations in 83, 84, ae. Therefore 
we are led to [22] 

ai = -(&5 + Mi) + 0(2;'), 
a2 = (&4 + Mi)/ + 0(z'2), 

33 = -(63 + 62ai)(ai65 + z')z' + 0{z'^), (47) 

34 = (62 + feiai)(ai&5 + z')z'^ + 0{z'^), 
a6 = 6o(aA + ^')V3 + 0(^'6), 

which most simply describe the desired singularity at {z' = 0}. Again recall that we 
defined 61 = —aibo in (43). We have freedom to choose the scaling of z' thus the choice 
of the coefficient of Oi&s. 

By degree counting, the generic singularity is I| for SU{3). However the parameters 
are specially tuned, thus the actual singularity is larger [24]. Obviously they are the 
deformations of (7) by adding lower order terms in z, that is, exact up to 0{z'^). The 
discriminant takes the form 

A = (65 + a^b^fPlPlPacPu^^z'^ + P,^PxQaz'^ + 0{z"'). (48) 

The parameters are shown in Table 6, and Q^ parameterizes the rest of the coefficient in 
z"^ term. One can obtain them by brute force calculation by plugging the explicit form 
(47) into discriminant and factorizing it. We can verify that it agrees with the matter 
curves obtained by group theoretical reasoning in Section 3.3. 
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matter 


equation in terms of parameters 


of weights 


Px 


fli 


U 


^o 


h 


Uti 


Pu% 


hal + hO'oci'l + halai + b^af, 


n(^.+^6) 


p<il 


-a^blb^ai + ao^2ai&4&3 + &oa?&4 


Wi + tj) 


Pi. 


(Ah^ - aiha'ohbo - 2ai65a^6o&4 - Safb^apoh 
+alboalbl + a^bobj + a^62ai&4&3 - ao^2&5&3 + a^bobialbs 
+000^6064^2 + 00^463 + af^aibl + 2a^af6^62 + a^a^bsbl 


Yliu + tj + tQ) 


Pe, 


—2biaf + 62^001 ^ 63050^ + 64000^ — 6500 


W^-t(^) 


(Pus) 


over the bulk of C 


U.^,it,-t,) 



Table 6: Defining equation for the matter curves. See Table 2. Here S^ monodromy is 
used and similar expressions are also found for Z4 case, as in Table 3. 



From the mechanism (14), vanishing matter curves are responsible for gauge symmetry 
enhancements. Since X and q have nonabelian charges (3,2), either Px = Oi = or 
Pqo = 65 = enhances the singularity to 0{z'^) which is I5 and the gauge symmetry is 
enhanced to SU{5). Since ul and dl has charged only under SU{3), for P„g = or P^g = 
the symmetry enhancement ceases at 0{z"^) which is I4 and the gauge group is SU{A). 

To see the SU{2) part, we change the reference surface. The factors in (47) suggest 



The parameters become 



z" = z' + aib^ 

ai = -(65 + 64ai) + 0(/'), 
32 = (64 + 63ai)(2"-ai65) 



(49) 



0(z 



II2\ 



33 
34 
36 



-(63 + 62ai)(^" - 0165)^" + 0{z"') 
(62 + 6iai)(^" 



(50) 



2JI 



0165 

bo{z" -arb^fz"^ + 0{z 



z" + 0{z 

//6\ 



SO that deg(3i, 32, 33, 34, 33, A) = (0, 0, 1, 1, 2, 2) at {z" = 0}. From Table 1, we check it is 
I2 for SU{2). The discriminant has the form 

A = ((65 - ai64)' - ^a%b,Y P^PlPiJ' + PIP^P'z'^ + P.^PxQ'z" + 0{z'^). (51) 

Again we used the same parameters in Table 6, and P' and Q' are defined by this equation, 
which are not proportional to ai or 65. We see also vanishing of either Px or Pq^ enhances 
the symmetry to S'f/(5), whereas P^ = for SU{2) charged lepton doublets / enhances 
the symmetries to S'f/(3). 
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Perturbative limit and U{1)y 

Why our discriminant (48) is not of the factorized form, as familiar in 1| — )■ 1| © I2 de- 
composition [33]? It is because the embedding group is Eg, not SU{5), otherwise we could 
not have desired matter contents but X-boson, from the mechanism (14). Nevertheless 
we can see the factorization structure. In the weakly coupling limit r — )■ ioo, or large /, g 
and finite f^/g"^, F-theory can be approximated to type IIB string. In this picture, our 
symmetry is described by D-branes only (or one kind of (p, g)-branes) thus we see such 
separation and recombination of brane stacks. Specifically, for small ai, the discriminant 
(48) looks 

P,„ ^ P„g ^ P,c ^ 65, P,„^Prfg^P5, 

A~6^P5(&5al + ^')V^ ^ ^ 

where {65 = 0} and {P5 = 0} localize respectively {qo,ul,el} G 10 and {d^Jo} G 5. This 
is analogous to separation of D-branes, but here 0165 is not a constant but a section of 
—t, thus the brane stacks intersect at angle. In fact, the structure of P^ = P(Os © — t) 
fibration is, as in Hirzebruch surface, linearly equivalent divisors are not necessary parallel 
but have self-intersections ci fl cr 7^ as in (40). Since the divisors S = Ssui5) = {z = 0}, 
Ssu{3) = {z' = z + loi^s = 0} and Ssui2) = {z" = z — ^aib^ = 0} are linely equivalent, 
we may use the notation S without reference to gauge group if not necessary. In the 
sense that the group is obtained by usual deformation, there is no problem in regarding 
the S supports the single semisimple group. Even in the perturbative limit, we may take 
intersecting branes form a unified, connected cycles [39]. Specifically, the discriminant 
components for SU{3) and SU{2) are linearly equivalent, so the internal cycles that 
worldvolumes wrap are at least homologous. 

As expected, U{1)y symmetry is the relative center-of-mass motion of the brane stacks, 
so it is reflected as the distance between the two proportional to ai. We may require 
vanishing the trace part of S[U{5)± x f/(l)y]. The choice 

z' = z-laib5 =^ A-biR5{z + laib5)\z-laib5f, 

fixes the center of mass at of the entire branes aX z = 0, making the total SU{5) traceless, 
i.e. no z*^ term. We have a hint for the existence of f/(l)y that the matter curves for X 
and Qo are distinctive, however identifying it as gauge symmetry with massless boson is 
not a trivial issue [50-52]. By assumption of K3 fibration, the normal space is well-defined 
P^ and we can use z as its global afiine coordinate. Although we have been interested 
in the properties of parameters on S, definitely the parameters z,ai,6„ are respectively 
sections of Ns/b, Kb, K^~^ © Ns/b- So we have a global description of singularity that is 
exact to 0{z^). Since we will not turn on flux on this f/(l)y direction, we have neither 
induced Fayat-Illiopoulos term nor anomaly in six and four dimensions. 

This shows also the unique position of the Standard Model group inside i?8, as i^s x 
f/(l)y. We can easily see that other III or IV singularities in Table 1, corresponding to 
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SU{3) or SU{2), cannot have I5 or 5*^(5) enhancement direction, hence no unification 
relation. This means we cannot guarantee the desired spectrum from the branching of Eg 
for III or IV curves. 

This model is consistent with gauge coupling unification, in the top-down sense. The 
four dimensional gauge coupling is inversely proportional to volume that the supporting 
surface of the gauge theory wraps. Taking SU{5) limit by ai — )■ 0, the volume of SU{3) and 
SU{2) are the same. (In some class of Calabi-Yau manifold, homologous supersymmetric 
cycles are calibrated, giving rise to the same effective volume for arbitrary ai.) Also in this 
case, there is no contribution from f/(l)y fiux required from the breaking of SU{5) [21]. 

3.3 Associated matter curves 

We turn to calculate nontrivial matter curves, for fields having antisymmetric tensor 
representations under the structure group. Already, using group theory, we know their 
defining equations in Table 6 as polynomials in Oj, 6j. For later calculation on the number 
of generations, we need to know the full homology of the matter curves on the spectral 
cover. For this, we derive the matter curves from the combinations of spectral covers, 
using the equations of Fx, F^ in (38). 

The d^ curve 

The field df^ (5, 10), shown in Table 2, transforms as the rank two tensor representation 
10 under 5'f/(5)_L, thus is localized on the corresponding matter curve 

ti + tj = 0, 1 < i < j < 5. (53) 

These are to be related to the curve tj = 0, as the tensor structure gives a combination of 
the corresponding weights. Therefore we want to obtain the matter curve as an induced 
object from the fundamental one C5, which is called as associated matter curve. Since 
each weight vector is related to a line bundle, the condition (53) is a relation between 
two line bundles 0{tj) = 0^^{ti) = 0{—ti). Thus the solution comes from the common 
intersection F^{tj) = F^{~ti) for every tj. Thus our matter curve is contained in [31] 

F,{t) = F,{-t) = 0. (54) 

The fiipping of the signs of all the roots ti,i = 1, ... 6 is realized by an involution r 

t:V ^-V. (55) 

It becomes the orientifold projection in the type IIB theory limit. We may say the cover 
C5 is fundamental, since the others follow from the common intersections. So, (53) is an 
induced component on S inside the common intersection 

rCnC,. (56) 
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However we should drop some redundant parts, as follows. The relation (56) does not 
care about i < j condition. Setting i = j in (53) gives tj = 0, which gives already known 
the matter curve for go, namely C5 fl a. Also non- restriction of i < j means that (56) 
contains two identical copies or double cover of the matter curve. 

The common intersection of (54) is equivalently obtained as the intersection of F^lt) ± 
F^i-t) = 0. That is 

f/(6of/' + hU^V^ + hV^) = 0, 

VihU^ + fogf/V + hV^) = 0. ^ ^ 

The solution to these in general would give a fourfold cover, but we know we should have 
a double cover of the matter curve. So, we eliminate boU^ and hiW^V terms to have 

= V\{hh2 - boh)U^ + {hh - boh)V^) 
= -V^aQ'^{{aibob2 + aobob3)U^ + (ai6o&4 + ao&o&s)^^)- 

We keep in mind that 61 is a derived quantity (43). 

All of the solution spaces are linearly equivalent to [C5]. An expected solutions is 
[/ = 65 = 0, corresponding to the matter curve Sg^. V = bo = corresponds to a 
threefold intersection at infinity that we cannot access from S, so we drop it. From (58) 
we plug back 

.. , . Ibib^-bob^ [a^JhToob^ , . 

V O1O2 - O0O3 V ai02 + aoOs 

to obtain 

-b,'V\aib2 + aobs)-^Pdc = 0. (60) 

Thus we find the matter curve Pf^g = for d'^, shown in Table 6. We can identify each 
term, so does the matter curve, transforms as section of St] — lOci + 2y on S, displayed in 
the third column in Table 2. For y = it reduces to 5 curve (11), showing the inheritance 
relation from SU{5) GUT. Two possible solutions in (59) correspond two covers, but they 
just give the same matter curve. 

We calculate the corresponding homology class. The above equations show that there 
are redundant components in C5 fl tC^. Since we dropped U and V^/ao, homologically 
we have 

[^^d = ([C5] - ^) n ([C5] - (3aoo - n*y)) 

= {4a + 7T*r])n{2cx + 7r*{r]-3ci + y)) (61) 

= 2o- n n*{3r] - lOci + 2y) + 11*7] nn*{r]- 3ci + y). 

The first term is linear in a, meaning that the corresponding component is on S, which 
is usually called as S^g. The second term lies outside S but only on C5. In this sense, the 
spectral cover is more fundamental object containing localization information on matters. 
The factor 2 in front displays that it is double cover of the (expected) matter curve 
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31] — lOci + 2y, shown in Table 2. In what follows, we will omit pullback tt* and denote 
the object itself also as homological cycle without confusion. 

As in the derivation of go and X curves in (45), we may attempt to build the corre- 
sponding spectral cover C/\2y ~ ni<7('^ ~ ti ~ tj) from which C/\2y fl a would induce the 
matter curve d"^. It is known that, however, it has severe singularities at ti + tj = tk + ti 
where all the indices are different, and the corresponding spectral line bundle is not found 
in Z. Although this is overcome by normalizing the curve [8,29], we will take the same 
result from a slightly different interpretation. 

Other curves 

Other matter curves follow straightforwardly. For u'^, we take the intersection C5 fl tCx- 
In equation we have 

= V^a^^ (boal + biaoa'^ + 6200'^! + ho-l^l + &4ao'^i + ho-l) 

Here the first two terms cancel in the first line due to tracelessness (43), resulting in the 
matter curve equation P„c in Table 6. From each coefficient, we expect it transforms on 
S as 7] — 5ci + 3y. We have another nontrivial solution of multiplicity two V = oq = in 
(62), so that 

P„g = C5 n Cx - 2aoo n y = (C5 - 2aoo) nCx = cr{r] - 5ci + 3y) + {r] - 2c,)y. (63) 

There is no more common solution, such as U = ai = since 65 is not automatically 
zero. As in the SU{5) case, though seemingly different, we cannot distinguish this from 
tC^ n Cx, so it is not independently counted. 

As a consistency check, the total sum of the curves including the intersections at 
infinity becomes 

{C, U Cx) n t{C, U Cx) = Pdg U Vut U Vg^ U Px U (C5 n 3a^) U {Cx n 3(Too). 

The matter curve for e^ comes from the intersection between C5 and Cx, calculated 
in the same manner as -u^ without any involution. There is no cancellation from 60^1 — 
bittoaf = —bittoaf, thus we obtain V^aQ^^Pec = in Table 6. The corresponding homology 
class is 

Vet = (C5 - ^00) nCx = (riv - 5ci + 4y) + {r] - c,)y (64) 

which is to be distinguished from P„c. The quantum number is tracked back to the adjoint 
of SU{6)± — )■ SU{5)± X U{1)y so the corresponding field is inherited from the moduli. 
For pure moduli living on C5, we cannot calculate the homology class [10,31]. We name 
the remaining moduli as z/^, M = 1, 2 which belong to 

h''%C,)(Bh''\C,). (65) 
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Thus we can know the number of singlet neutrinos after specifying the Calabi-Yau man- 
ifold. 

For lo, which is not yet distinguished from hdo, h^o^ "^e need the product IK^j + ^j +^6) 
with 1 < i < j < 5. This of course gives the matter curve Pi^ in terms of a^, 6^ in Table 
6. This corresponds to the rank three antisymmetric representation 20 of SU{Q). The 
constraint on the line bundle is 0{tk) = 0~^{ti + tj) = 0{—ti)^0{—tj). Thus, we expect 
that it is contained in the common intersections of 

F{tk) = F{-U - t,) = 0, 

lying on a codimension one curve. In fact the first equation also implies F{tk) = F{ti) = 
F{tj) = 0, we can solve the equation. In practice it is not necessary to calculate its 
explicit homology since the consistency requires the contribution from tg is trivial. In the 
limit of SU{5) the matter curve should reduce to 5 of SU{5) which is identical to that of 
d^. This should be, if there is SU{5) relation connecting fields in 5. 

Green— Schwarz relation in six dimensions 

The anomaly freedom of a compactified F-theory is taken care of by the Green-Schwarz 
(GS) mechanism, generalizing that of type IIB theory. The theory so far is six dimensional. 
There, due to the simplicity of GS polynomial, the relations restrict the possible homology 
classes of charged matter curves [24,45]. From these we can extract the relation between 
anomaly coefficients and group invariants by observing local divisors supporting specific 
gauge theory [45]. We quote some of relevant results. For all the matter curves [S] on 
each supporting surface Si,i = SU{3), SU{2), we have 

£(adjj -J2^iR^)[^R^ = QKs ■ S,, (66) 

R 

J2^W^m)[^R.,R^ = S.-S,. (67) 

R,R' 

Here i{R) is the index of the representation R, or ti Rtah = i{R)6ab- We displayed only 
relevant quantum numbers. Applying the relations for SU{3) and SU{2), we obtain 

Y, ^(i?)dim(i?')[SR,«.]=9ci-6t, 

R£SU{3),R' 

Y, iiR)dim{R') [Sr,r,] = 8ci - 6t, ^gg^ 

ReSU{2),R' 

J2 ^(i?)^(i?')pi?,ij'] = -t. 

ReSU{3),R'eSU{2) 

From (45), the last condition particularly implies on Qo and X, both of which are (3, 2) 

[S,J + [Ex] = {v- 5ci) + (-ci +y) = -t = ri- 6c,, (69) 
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section 


transformation 


U 


a 


V 


ff + 7r*(ci) 


ak 


Ti*{y-kci) 


du 


7r*(a; — kci) 


ek 


7r*{ri — kci — x) 



Table 7: Transformations of the coefficients of (70). x and y are arbitrary linear combi- 
nations of 1] and Ci. 

with £(3) = £(2) = 1. So this shows y = 0, that is, ao should be a trivial bundle. The result 
seems to indicate that the choice of the homology for ao hence ai cannot be arbitrary. The 
triviality of ao comes from the fact that we recycled the parameters 6, as those of SU{5). 
Since the Calabi-Yau condition states that the combination ao&o should be a section of 
1] — 6ci, we have no extra degree of freedom to choose ao. In six dimensions, all the gauge 
theory appearing in F-theory is understood as chains of higgsing from a larger gauge 
symmetry [35], which does not change the above GS relations after symmetry breaking. 
Since we can obtain the SM group from the SU{5) GUT group formally by higgsing of 
24, we inherit the parameters bi of SU{5). In Ref. [35], for instance, 5*0(10) parameter 
gg+n is inherited from Eq curve, otherwise two parameters are polynomials of different 
degrees. 

We can check that, then, the other relations are automatically satisfied and each six 
dimensional effective gauge theory has no anomaly. So in what follows we take ao = 1. 

3.4 Matter curves under nontrivial monodromy 

When we count a matter field, we considered its identity by the orbit of matter curves 
under a given monodromy group. The spectral cover should encode such information, 
since the matter curves are induced from it. By using the parameters bQ,bi, . . .b^, so far 
we have implicitly assumed S^ monodromy. As seen in Sec. 2.2 we need Z4 monodromy 
for the realistic spectrum so here we study how to realize its matter curve. 

The Z4 monodromy 

The spectral cover in fact describes a freedom of choosing monodromy of the background 
gauge bundle. We go on with Z4 monodromy considerd in Section 2.2. 

Since Z4 singles one cover out of five, accordingly the spectral cover (42) is further 
factorized as Cx U C5 — )■ Cx U Cgi U Cg, described by 

{U + aiV){doU + diV){eoU* + dU^V + Caf/V^ + e^UV^ + e^V^) = 0. (70) 
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This is understood as a tuning among the parameters of C5 

bo = rfoCo, 

bi = doCi + diCi^i, i = l,...,4, (71) 

65 = die4. 

(We can understand the embeddabihty of SU{5)± x U{1) C SU{6)± for (42) in the same 
way.) The traceless condition (43) becomes 

aidoCo + diCo + d^ei = 0. (72) 

Again we have an overall freedom to choose rfg, whose transform we name x G H2{S, Z). 
The transformations of parameters are summarized in Table 7. Relating di/do ~ ts, it 
is easy to see that Cj/eo are again the elementary symmetry polynomials of degree i of 
ti,t2, ^3, ^4, related by 5*4 monodromy subgroup. The extra U{1)m in (34) is now identified 
by the one generated by cover Cq', as to what SU{1)y is by Cx- 

As expected, we obtain 'fundamental' matter curves for X, q' and q as 



(73) 



where we omitted pullback. 

Second, we decompose Cj into irreducible ones under the monodromy Z4. This is done 
by further tuning e^'s. From Table 3, we note that only {tj + tj}i<i<j<A have nontrivial 
representations compared to that of 6*4. For this, we can show that the only needed 
decomposition is 

62 = e'2 + el (74) 

making closed Z4 orbits 

4/^0 ~ ^1^2 + ^2^3 + ^3^4 + Ml, 62/60 ~ ^1^3 + M4- (75) 

It follows that the matter curve inherited from d'^ in Sec 3.3 

W (^i + ^i) ~ eo"^(-eoe3 + 616263 -6164), (76) 

i<«<i<4 

containing six factors, is factorized into Z4 irreducible ones 
Dl: {ti+h){t2 + U)^e'Jeo, 

D2 : (ti + t2){t2 + t3)(t3 + t4){U + h) ~ (6f + 6163 - 46o64)/6^. 



Vx 


= Cx 


na -- 


= — 


CiCia 






-P, 


= Cq 


r\a = 


-iv 


-4ei- 


x)n 


a 


-P,' 


= c, 


na -- 


= (- 


-Ci + x) 


na 





(77) 



These relations are obtained using group theory, and decomposition of (76) to (77) defines 
the parameters 63 and 63 in (74). In other words, this factorization structure of coefficients 
in the spectral cover equation describes Z4 monodromy (See also [16]). 
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On S, the homology classes for D^ is r] — 2ci—x. Noting that ei should be expressed in 
terms of Cq in (72), the corresponding class is (3?7 — 6ci — 3x) — (r^ — x) = 2ri — 6ci — 2x. Since 
D2 is the remaining part of the decomposition, we implicitly had a nontrivial condition 
that 62 has a factor cq, which gives the overall class as {2ri—4ci—2x) — {ri—x) = rj—Aci—x. 
The results are displayed in Table 3. 

Associated matter curves 

We need the homology class V inside Z for each associated matter curve. Since y dis- 
tinguished the homology of -u^ and e*^, so the above setting y = makes various curves 
homologous. In particular it becomes Cx = o" and it follows 

Vuc = T{Cq - 2a^) n Cx = (^ - 4ci - x) n a 

= [Cq - (Joo) n Cx = 'Pe<=, 

where we used the disjoint relation (40). Of course, the actual equations for u'^ and e^ are 
different, as seen in Table 6, so the corresponding matters are localized on different curves. 
They are homologous. Likewise u' and e' are respectively distinguished by involution r 
but homologous 

Vu' = Cqi n Cx = (-ci + x) n a 
= rC,,nCx=Pe'. 

These relations imply S'f/(5) GUT unification structure where {g, m*^, e*^} G 10, as a con- 
sequence of the triviality of Cq. 

We can perform a similar calculation for d% and /o- Since those for d^ and / are 
equivalent in trivial Oq or tg — )■ 0, we continue the d^ part. The matter curve for d^ is 
inside rCqi fl Cq. The calculation is analogous to the case of m'^, e^ curves, 

y^d'^^{-axd\eQ + 62^0(^1 + es^oC^i + 64^0). (80) 

Thus we have 

Va. =Vi = rCq, n [Cq - ffoo) = oil] - 4ci + 2x) + x{i] - ci - x). (81) 

The matter curves for Dx and D2 are obtained by decomposing Cq fl rCq referring to the 
homology class displayed in Table 3. The corresponding classes are 

Pd2 = n„ = [Cq - 2a) n [Cq -Aa^) = 2a{r] - 4ci - x) + [r] - x){r] - 4ci - x) (82) 

and 

Vdi = n^ = C, n (a + (Too) = 2a{ri - 2ci - x) + Ci (r^ - x) (83) 

which is also equivalent to the cycles for h'^ and u^. We distinguish the physical lepton 
doublets from Higgs doublets. 
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To agree with the previous matter curves before Z4 modeling, the total sum of homol- 
ogy class in the unified multiplet should be the same. We have 

Vul = Vuc U Vu' 

Ve- = Vec UVe' 

84 
Vdc = Vdc UVdU Vdi U Vd, U r(C,. - <j)r}{Cq> - a^), 

Vi^ =ViU Vic U Vhc^ U Vh, U T{Cg, -a)r\ (C,. - a^), 

where the last terms in the last two lines will vanish later in a; — )■ limit. As before, we 
cannot distinguish Vd^ = riCq — o-qo) H C'^ from Vd = {Cq — (Too) H tC'^, so we count only 
one of them. This provides another understanding on S'f/(5) unification structure of the 
matter fields. 



4 Four dimensional spectrum 

So far, we have identified matter contents localized along curves in the internal manifold. 
In total space including our four dimensions, each curve spans six dimensional world- 
volume, thus its spectrum is yet non-chiral in four dimension. In order to obtain chiral 
spectrum, we should turn on magnetic fiux F on the matter curves [53]. We use a line 
bundle M in Cartan subalgebra (6), or in terms of field strength G = ^ F* A w, so we call 
this as G-fiux [31]. The supersymmetry conditions for these are Hermitian Yang-Mills 
equations 

F-flat : F(2'0) = f(°'2) = 0, (85) 

D-flat : J A F + - [v?, v?^] = 0, (86) 

with the Kahler form J on S. 

Although physically different, the spectral cover describing the vector bundle back- 
ground looks like another stack of seven-branes, whose positions from some origin are 
nothing but the eigenvalues tj, that is, along the fiber E the background vector bundle is 
decomposed. 

Turning on a G-fiux, or spectral line bundle A/", on the spectral cover C induces the fiux 
on the matter curves. Being on C, it does not break the gauge symmetry living on S. The 
zero modes of four dimensional chiral fermions are classified by homology, whose unified 
description is done by Ext group [9,10,56]. Letting i,j respectively immersions of S and 
C into Z in (39) 

Y.^i\i,0,3M) = H\T.,{U + Ksh), (87) 

classifying the Dirac eigenstates along the complex curve S = C fl o" as topological defect 

[4]. 
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We can regard the above as intersecting brane picture. Since F-theory employs open 
stringy description, where branes are natural objects for specifying the boundary condi- 
tions, they provide two distinctive way of obtaining chiral gauge theory in four dimensions. 
GUT realizations are regarded as magnetized brane description: turning on flux L of the 
field strength for the gauge group on S. For example the f/(l)y flux achieve the breaking 
of the GUT group and realize chiral four dimensional spectrum. It always breaks the 
gauge symmetry on S*, its gaugino field decomposes and gives rise to chiral fermions in 
four dimension, belonging to 

Ext='(i*C, n£) = H^{S, C + Ks)® H\S, C). 

Since we start with the Standard Model group from the beginning, we do not need this 
mechanism. 

4.1 Flux on a spectral cover 

We turn on G-fiuxes on the spectral cover, which hence induce fluxes on the matter curves 
on it. Since the spectral cover is factorized as in (70), we can turn on the flux differently 
on each cover, provided that consistency conditions are satisfied. 
Let C be a n-fold spectral cover of S and pc be its projection 

[C] =n(j + 7r*r/, pc ■ C ^ S. (88) 

As alluded, for four dimensional chiral spectrum, we turn on a line bundle M on C 

ci{Af)eH\C,Z), (89) 

which is related to a rank n vector bundle V of structure group U{n) (of the Higgs 
bundle or, of the vector bundle in the heterotic dual). This correspondence is known 
as Fourier-Mukai transformation [31]. Their characteristic classes are related by the 
Grothendieck-Riemann-Roch index theorem [31]. The first Chern classes are related as 

ci(V) = PC* UiAf) + ^(c^iC)-p*aC^)^ . (90) 

The pullback p^ is n-fold lifting and the pushforward pc* loses such information, we have 
Pc*Pc — "^^ If ^^ want SU{n) rather than U{n), we may make it traceless by imposing 
ci(V) = 0. Then, we have another equivalent 

Ci(A^) = ^(-ci(C)+p^ci) + A7, (91) 

for a class 7 G C satisfying 

Pc*l = 0. (92) 
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Here 7 is the one we specify, so we call also this as G-flux. 

A rational number A is introduced to make M be in the integral class (89). The 
quantity in the parenthesis of (90) is called the ramification divisor, reflecting the multifold 
nature of M in V. We constructed C as a subspace of threefold Z in (39). In this case, 
using the adjunction formula for Ci{Z) on C, 

-Ci(C) +p^ci = (-Ci(Z) + C)^ +p^ci = (n - 2)a + p*c{'n - Ci), (93) 

the relation (91) becomes explicit 

Ci(Ar) = (^ + n\)a + (i - \)Ti*r] + (nA - \)ti*Ci. (94) 

As a result the integral condition (89) becomes 

n(| + A)GZ, {\-\)'K*r] + {n\-\)'K*cieH^{S,Z). (95) 

As we see in the next section, a large class of base manifolds admits rj — ci as even cycles. 
So we just require A to be any integer for even n, or a half-odd-integer for odd n. Turning 
off the flux A = requires even n. There is no such constraint for the U{1) case, since 
there is no ramiflcation Ci{C) — p^Ci = 0. 

Another necessary condition is D-flatness in (86). Since the Kahler form J is (1,1) 
form, choosing F G if^'^(S', Z) satisfles the condition. One obvious choice is a cocycle 7 
dual to the matter curve S = C fl a [6,31]. Since pc^iT.) = 1] — nci, we have 

7 = {n - p*cPc*){C n a) = {na-7r*{r]-nci))r]C. (96) 

This is always present, hence called the universal flux. 

Through (87) a line bundle A/" induces flux on a matter curve a as [47] 

{X + Ksh=l^-\{c^{C)-p*cC,)+X^ + Ks^ 

= l{iv-nci) + X^)^ (97) 

1 

= 2-^s + A7|e. 

Here in the second line we used pc*^ = i] — nci and in the last line the adjunction formula 
Kj] = {Ks + S)s. Under this background, four dimensional massless chiral fermions are 
the zero modes of Dirac operator in E. Their number difference is calculated by Riemann- 
Roch-Hirzebruch index theorem 

rif = h\J:,Af + Ks) - h\^,Af + Ks) 



= /" Todd(E)ch(iir2 + A7) 
= /ci(ii^E + A7)-^Ci(i^s) 



A / 7 = —Xt] ■ (rj — nci). 
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(9^ 



In the second line we used (97) and in the last line the contributions of l-ft's cancel. Using 
Poincare dual cycle with the same notation, we can express it as A7 ■ S. 

Since associated matter curves V, studied in Section 2.1, are derived from the inter- 
section of the spectral cover, the flux on the spectral cover should also induce a flux on 
the associated curves [29]. From the tensor structure of matter curves, this new flux is 
derived from the line bundle M on C . For this generalization, let us define 



c 



na — Pciv — nci). 



From above we have seen F fl C = 7, showing the dependence on the spectral cover over 
which the flux is turned. It is already seen traceless. The index theorem for the associated 
matter curve shows the spectrum is similarly obtained [29], 

nf = J (ci(Ar) + ^ciKs) + \c,iZ) + ^c,iV)\r - ^b}j = W nT\s (99) 

Here the formula is essentially the same as before, where the contribution from Ci{Z) 
was trivial. |P is the contribution from Todd class, which was —^Kj^. The number of 
ramification points R was counted to take the normalized matter curve. For example for 
d^, we have 

R = Vdr^n{a + 3aoo) = (C5 - a - 3a^) H C5 H (a + S^oo). 

In the end, there are cancellation of terms except the F dependent contribution in A/", as 
before. 

The spectrum in the class tj + tj + tg gives rise to rank three antisymmetric tensor 
representation of SU{6). Since we want unbroken U{1)y untouched, it suffices to consider 
turning on flux except Cx cover corresponding to tg- The resulting matter curve is 
effectively antisymmetric curve ti + tj . 

Some comments are in order. We assumed that the matter curve comes from the same 
spectral cover component where the very flux A/" is turned on. Otherwise the flux cannot 
affect the chirality of the matter localized on another spectral cover component. It is 
simply because the field is not charged under the corresponding dual structure group. 
Also, Kodaira vanishing theorem on the one dimensional curve states that 

/i°(S,£s)=0, deg£s<0, 

and a similar for the antiparticle homology. Thus it is nonzero only if the fiux on the 
matter curve 7ns has positive degree [4]. So it is difficult to obtain vectorlike components 
for the spectrum from the matter curve. For this reason we distinguish the matter curves 
for hu and h^. 
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4.2 Final spectrum using factorized flux 

We may consider turning on spectral fluxes (89) on various subsets of the covers 

|JC„, me{q,q',X}, (100) 

which does not necessarily mean the union of all the covers. The cover Cx provides a new 
freedom that is not present in SU{5) GUT models. We will shortly see that turning on 
fluxes on different part of covers leads to different unification relations among the matter 
contents. 

The simplest choice is to turn on a flux only on Cg [22] 

Tg = {4-pl{7]-nc,)), r,. = 0, Tx = 0, (101) 

satisfying a stronger version of (91). The matter spectrum is obtained by the above 
formula. For example for q, we have 

nq = XVq n Tg = X{r] - 4ci - x) n (Aa -n*{r]- 4ci)) H a\s 

= X{r] - Aci - x) n {-r]) n a\s (102) 

= —Xr] ■ {rj — 4ci — x). 

We used the disjoint relation (40) and the inner product is done for divisors of S. Being 
only on C^, the flux is induced only on the components of associated matter curve param- 
eterized by tj, i = 1, . . . , 4. Thus we easily understand the same multiplicity for -u^ and e'^ 
as q 

nu<^ = riec = Hq = —Xr] ■ [r] — 4ci — x). 

The curve components of ts or tg are neutral, so that 

nx = nq' = riu' = rif.' = 0. (103) 

Thus we do not worry about unwanted coupling involving these fields, as shown in Table 
4. This is to be contrasted to the case of the SU{5) GUT, broken by a nontrivial flux along 
the hypercharge direction, which always leaves nontrivial multiplicities for X, arising from 
off-diagonal components of the SU{5) adjoint. 

The expression (99) provides a similar way to obtaining the spectrum for an associated 
spectral cover, where there is matter curve component not on S. For example, 

Udc = X{a n (?7 - 4ci + x) + {t]- ci- x)r]x) r]{Aa -1] + 4ci)|s 

= x({-2i]n{i]-Aci + 2x) +4{i]-ci-x)nx) no- 

^ (104) 

+ {rj — ci — x) n xf] {rj — 4ci) j 

= —A {21] ■ {rj — 4ci + 2x) + 4(?7 — ci — x) ■ x) . 
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nD2 


= nhu 


UDi 


= nh^ 




n„c 



Here \s means just reading off the coefficient of a. Tlie matter curves for d!^, I and v^ differ 
by t5,t6, lience tlie same multiplicity 

nd<^ = ni = Uuc 

Tlie otlier nontrivial spectrum is similarly obtained 

A (21] ■ (rj — 4ci — x) — Aiji — x) • {rj — 4ci — x)) , 

-A {2ri ■ [t] - 2ci -x)+ 4ci • [t] - x)) , (105) 

—Xr] ■ {rj — 4ci + 2x). 

In the first line, we dropped the complex conjugate and instead we use the conjugate cycle 
having extra minus factor. We could access the matter curves and multiplicities of the 
neutrinos beloinging to 16 of 5*0(10). However, we cannot calculate the multiplicity of 
the 5*0(10) singlet neutrinos ui, z/2, since they are the fermionic partner of gauge moduli 
thus lives on the bulk of Cg. 

The anomaly cancellation condition for the color SU{3) reads 

2ng - Udc - riuc + riD,, - ^Di = 0, 

from which we have two choices 

a; = or 4a; = Sr^ — ci. 

This is from the four dimensional anomaly considerations. The former is required by the 
independent six dimensional conditions, so we will choose that, letting d^ be a trivial 
section. 

We have final spectrum 

nq = Udc = n„c = ni= n^c = n^c = -\r] ■ {rj - 4ci), 
^ftd = ^hu = nor = nD2 = -2Ar7 ■ {r] - 4ci). 

We stress once more that the product is for the divisors in S, meaning that this is native 
property of S. It is because, by choosing z as a section of the normal bundle Ns/b, we are 
assuming the base of elliptic fibration B is again P^ fiber over S. For three generations 
of quarks and leptons (and Dirac neutrinos), we choose the base S such that 

-Xr] ■ {ri - Aci) = 3. (107) 

This condition is to be discussed in the following section. It follows that we have six pairs 
of Higgs doublets, six pairs of colored Higgses and twelve singlet neutrinos. The number 
of SU{2) doublets is even, so there is no SU{2) global anomaly. 

In (106), the same numbers of generations for different multiplets can be tracked by 
GUT relation. The spectral covers Cx, Cg' and Cg are respectively related to f/(l)y, 
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U{1)m and SU{A)± 'flavor' symmetry, among which we turned on the universal flux (101) 
only on Cg. Because the commutant of S'f/(4)^ in E^ is S'O(IO), we could expect that 
the matter multiplicities obey the GUT relation. However the matter fields and Higgs 
doublets are not related; they are minimally related by Eg. 

Since there is no flux along f/(l)y, or Fy = 0, there is no anomaly and Green-Schwarz 
mechanism does not make the corresponding gauge boson massive. Also J A Fy = 
means that there is no Fayet-Illipoulos term. Nevertheless, turning on U{l)y flux would 
be interesting. Since then the flux does not obey the unification relation of SU{5) GUT, 
we may take care of doublet-triplet splitting problem. 

Another nontrivial direction is to turn on non-universal flux [10, 16]. The traceless 
condition (92) also allows the flux of the type (ni — PmiPm2*){Cm2 H cr) or (niP2^2Pi)p for 
a two-cycle p E H'^{S,R). 

4.3 Base manifold 

The condition for three generations is Eq. (107). Recall that ci = ci{S) depend on the 
surface S, and rj = 6ci — t hence —t = Ns/b depends on S through the three base B, 
which we specifled below (6). The good candidates are Hirzebruch surfaces F„ and their 
blowing-ups. We take del Pezzo surfaces dPn, deflned by blowing n points of P^ = Fi. It 
is generated by one hyperplane divisor H and n{> 2) exceptional divisors Ei satisfying 
the relation 

H-H=l, H-Ei = 0, Ei-Ej = -6ij. (108) 

Consider again the integral condition. On Cg, 

ciiCg) = (2(a + ci) - (^ + Aci))c, = 2a - r] - 2c,, (109) 

we obtain 

ciW = "2 (2^ + 3ci + v) + A(4a - r] + 4ci) 
= (-1 + AX)a + (I - X)r] + (| + 4A)ci. 

It requires 4A is an integer and the divisor class for the other terms should belong to 
integer cohomology of S. Taking 

i] = Aci + H -E1-E2, A = l (111) 

we can achieve three generations [6]. The ampleness of 

n 

t = 5H -Ei-E2-2'^Ei, (112) 

i>3 
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that t ■ X > for any x E S, is easily checked, thus the cycle S is contractable and the 
decoupling limit exists [4]. One thing to note is, since the canonical class is 



Cl 



-Ks = 3H-Y,E^, (113) 



i=l 



the even class condition for rj — ci is always satisfied if n is even. Thus the minimal 
surface realizing the three generations is S* = dP2. For the explicit construction of global 
geometry, we refer to Refs. [17, 19,54] 

The nonabelian gauge degree of freedom is described by M2 branes wrapping 2-cycles 
{tj}. We can expand four form field strength as 

G = io,AF, (114) 

where Ui are (l,l)-harmonic basis, dual to {tj}. Thus the G-flux has components Fi along 
Cartan subalgebra of Eg. This is 7. And we have 

^ f GAG = -^- fn^^'. (115) 

Tadpole cancellation is related to Euler number x of Calabi-Yau fourfold X 

A^n^ + ll^GAG (116) 

implying that we need n^ three-branes to cancel anomaly. Since nonabelian gauge sym- 
metry enhancement takes place in the singular limit, we have additional contributions to 
Euler number. We can calculate it using generalized Pliicker formula [14,55]. 

The other Eg is located at the section at the infinity 2; — )■ 00, which is totally discon- 
nected to the subgroups Eg ai S = {z = 0}. It can be partly broken, so that, for instance 
a small nonabelian gauge group gives rise to gaugino condensation by nonabelian group, 
contributing gravity mediation of supersymmetry breaking. It will lower the number of 
three-branes. 



5 Outlook 

We conclude with an outlook about the low-energy theory. We have obtained an F-theory 
derived model that is close to the Minimal Supersymmetric Standard Model. Its gauge 
group SU{3) X SU{2) x U{1)y is the commutant to the structure group SU{^) x U{1)y in 
-Es- The unification structure along En series groups suggests that this group is unique. 
We can understand the corresponding singularity as a deformation of the SU{5) singularity 
I5. Upon breaking, the supporting surfaces for SU{3) and SU{2) are back- reacted from the 
original position of that for SU{5), and the center-of-mass of brane stacks is responsible 
for the U{1)y, as in the perturbative description. 
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We calculated the matter spectrum and its localizing curves using spectral covers. 
The intersections between spectral covers and branes for the gauge theory localize fields. 
They are identified by relating their positions with the field quantum numbers under the 
structure group. The conditions from six dimensional Green-Schwarz mechanism agrees 
with the consistent unification relation. 

To distinguish electroweak Higgs bosons from lepton doublets, we need factorization 
of the spectral cover. A simple Z4 factorization is enough for it, and also forbids lepton 
and/or baryon number violating interactions up to an interacting scale. With a fiux only 
on this 'Z4'-cover, we can obtain three generations of quarks and leptons, with six pairs 
of electroweak Higgses and six pairs of colored Higgses. This fiux is along the direction 
not violating SO{10) GUT. So, although we have constructed just the Standard Model 
group, the gauge group and the matter contents obey the unification relation of SU{5) 
and SO{10). 

We have the standard doublet-triplet splitting problem, also tightly related to the fi- 
problem. We can further elaborate the model, employing a different factorization and/or 
fluxes. Nevertheless, already this model has desirable symmetries to shed light on a 
dynamical resolution. Because of the SU{5)± x f/(l)y invariance, /x-terms or colored 
Higgs mass terms of the F-theory scale, close to the Planck scale, are forbidden. We 
expect some 'standard solution' would break this symmetry and dynamically generate 
the mass matrix mD and rrih at some intermediate scale. Collecting the nonvanishing 
Yukawa couplings we have the superpotential close to that of MSSM, 

W = yilhde" + Vuqhuu'' + ydqhdd" + ruhhuhd 
+ yJhuu" + m^UMiyM + mDDiD2 

where y's are matrix-valued Yukawa couplings. The Higgs sector have flavor structure, 
so a phenomenological study in this sector, leaving only one pair of light Higgs doublets, 
would be interesting. Here the proton decay problem is milder than those in SU{b) since 
we have no mixing of triplet Higgses with quarks. 

The continuous version of matter parity U{1)m is well-known 'i? — L\ the commutant 
to S'[/(5) in 5*0(10). The conventional expectation is it would be broken down to Z2 
symmetry, becoming the matter parity. Our minimal model does not have such a fleld, 
except the right-handed sneutrinos i) belonging to 16 of 5*0(10) doing a similar job. Their 
VEVs {v) break U{1)m down to a discrete symmetry Z5. There is an analysis along the 
context of heterotic compactiflcations with similar spectrum, where the renormalization 
group running generates desired potentials [57]. 

The gauge couplings, contrary to GUT constructions, receive no contribution from 
O-flux since we do not have flux component along any visible Abelian gauge group, e.g. 
U{1)y- So the coupling uniflcation is natural at the F-theory scale from the geometric 
embedding structure to 5'f/(5). 
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